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Abstract 

In AdS2p+i we construct propagators for p-forms whose lagrangians contain terms 
of the form A A dA. In particular we explore the case of forms satisfying "self duality 
in odd dimensions" , and the case of forms with a topological mass term. We point out 
that the "complete" set of maximally symmetric bitensors previously used in all the 
other propagator papers is incomplete - there exists another bitensor which can and 
does appear in the formulas for the propagators in this particular case. Nevertheless, 
its presence does not affect the other propagators computed so far. 

On the AdS side of the correspondence we compute the 2 and 3 point functions 
involving the self-dual tensor of the maximal 7d gauged supergravity (sugra), S^^p. 
Since the 7 dimensional antisymmetric self-dual tensor obeys first order field equations 
{S + *dS = 0), to get a nonvanishing 2 point function we add a certain boundary term 
(to satisfy the variational principle on a manifold with boundary) to the 7d action. 
The 3 point functions we compute are of the type SSB and SBB, describing vertex 
interactions with the gauge fields B^. 
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1 Introduction 



During the last few years, the AdS — CFT correspondence has generated a lot of 
interest (see |||] for a review). However, most of the work focused on the AdS^/ SY 
correspondence because of the interest in describing strongly coupled 4 dimensional 
field theories and because (non)perturbative results in these field theories were known. 

An interesting case of the correspondence is the one between string theory on AdSj x 
R'^ and the mysterious 6 dimensional (2,0) CFT. This theory is a fixed point of the 
renormalization group flow from the theory on N parallel M5 branes. Not too much 
is known about this CFT, and so there is no independent check of the AdS/CFT 
correspondence besides verifying conformal invariance and comparing the masses of 
the primaries with those obtained in the DLCQ description of this CFT [p. 

There are however many interesting new features in this correspondence, one of 
which is the appearance in the 7 dimensional theory of a three-index antisymmetric 
tensor with a first order equation of motion (of "self-duality in odd dimensions" type 
- *dA = mA). Finding its propagator and the corresponding CFT two-point function 
presents some new challenges. The reason for studying it is twofold. 

First, by analyzing correlators of the 3-form field we learn about CFT correlators 
of the self-dual 3-form in 6d. The (2,0) CFT is hard to describe mostly because we 
don't understand how to make a self-dual 3-form nonabelian. The study of these 3- 
forms via the AdS — CFT correspondence may be a step towards that. Second, two 
of us argued in a previous paper that one needs to take a nonlinear ansatz for the 
embedding of AdS fields into the higher-dimensional theory (in this case M theory) for 
the AdS/CFT correspondence. If one were able to compute correlators independently 
on the CFT side and compare them with the AdS results obtained here, this would 
give further evidence for this statement. 

We start by analyzing the propagator of p-forms m.2p + \ dimensions, and for gen- 
erality we look both at the case of self-duality in odd dimensions and at the propagator 
for the Maxwell action with a topological mass term, both of which are relevant in 7 
dimensions. We extend the basis of maximally symmetric bitensors (first introduced by 
Allen and Jacobson [^) with a bitensor constructed from contractions of the e symbol 
with derivatives of the AdS chordal distance. We express the propagator ansatz in 
this basis, and use the equations of motion to compute it. We also present an extra 
possible term in the bitensor ansatz for the propagator of p-forms in 2p dimensions. 

We then use the AdSj propagator for the "self-dual" 3-form to extract information 
about the 6 dimensional (2,0) CFT. The bulk to boundary propagator is obtained 
straightforwardly as a limit of the bulk to bulk propagator. Nevertheless, since the 
3-form action is first order in derivatives, the quadratic action vanishes on-shell. In 
order to use the AdS — CFT correspondence, one has to supplement the action with a 
boundary term which will generate the correct CFT 2-point function. This procedure 
was first introduced for spin 1/2 fields used in a 3-point function calculation for 

interacting spinors-scalars by [^j, and was later justified by Arutyunov and Frolov ||7| 
and Henneaux Q by enforcing the variational principle on a manifold with boundary. 
We also compute the 3-point functions of two 3-forms and a gauge field, and of two 
gauge fields and a 3-form. For their calculation we follow the conformal methods of 
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Freedman et al The results are given in ( ^HD and ( |3l2D . 

The paper is organized as fohows. In section 2.1 we discuss the propagator for the 
case of "self-duahty in odd dimensions"; in section 2.2 we discuss the propagator for p- 
forms with a topological mass term, while in the last section dedicated to propagators, 
2.3, we investigate the effect of the extra bitensors on the other propagators computed 
so far. In section 3.1 we study the 2-point function of the 3-form field and in section 
3.2 the 3-point functions of two gauge fields, and a 3-form and two 3-forms and a 
gauge field. We finish with conclusions in section 4. We give some useful identities 
involving the chordal distance in Appendix A.l. In Appendix A. 2 we derive the limits 
we need when computing the 2-point function, while in Appendix A. 3 we included 
some integrals used for the 3-point functions. 



2 Propagators 



In the recent years a lot of papers [1^, 11, 12, |l^, 14, 15, 16 1 have been written com- 



puting propagators of various fields in AdSd+i- In the cases of tensor propagators, 
the standard procedure for computing a propagator is to express it using a basis for 
maximally symmetric bitensors (first introduced by Allen and Jacobson Q), and to 
use the equation of motion. Typically one obtains a system of equations which can be 
solved in a straightforward way. 

Nevertheless, if we try to apply this procedure to a Lagrangian with a topological 
mass term, we run into trouble. The equations obtained by using the Allen-Jacobson 
(A-J) basis do not make any sense. We can also see easily that the propagator for a 
vector with a topological mass term in 3 flat dimensions (which can be computed in a 
straightforward fashion), contains a term which clearly cannot be expressed in terms 
of the A-J basis. 

What is lacking in the A-J basis is a term which contains contractions of the e 
tensor with derivatives of the chordal distance. These contractions can only give a 
bitensor for d = 2p and for d + 1 = 2p. This is consistent with the fact that we can 
only write a topological mass term for p forms in these dimensions (as mA A dA or as 
m'^A A A). 

For d = 2p there are 2 types of equations of motion for p-forms which we can try 
to solve. The first one (also known as "self duality in odd dimensions" [|l^) is: 



m /ip+i...Aid+l o A — rr? A -1 O ^\ 

where J^^...^^ is a covariantly conserved current which couples to the p-form. 

The second one, comes from adding a topological mass term in a Maxwell action, 
and it describes gauge invariant forms: 

For d + 1 = 2p it is possible to add to a Lagrangian, besides the normal mass term 
m?A'^, a term of the form m?A A A. While this is an interesting possibility, it does 
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not seem to arise in physical situations (like compactifications of supergravity), and 
so we will not explore it completely here. Nevertheless we will comment in section 2.3 
on the effect of such a term on the propagator. The complete investigation should be 
straightforward with the methods we have. 

2.1 Self duality in odd dimensions 



In Euclidean AdS^+i with the metric 

ds' = \{dzl + ^t,dzf) (2.3) 

^0 

invariant functions and tensors are most easily expressed in terms of the chordal dis- 
tance 

{zq - Wq)'^ + {zi - 



u = ^ ' ' ' ^ (2.4) 

2zowo 



and derivatives thereof. 



As explained in [17|, when p is odd, ( p.!]) can be interpreted as the square root of 
the equation of motion of a real massive form field, in Minkowski signature. 

When p is even, in order for (|2.1| ) to be interpreted as the square root of an equation 



of motion with positive mass, a factor of i has to be added to its left hand side. 



Equation ( |2.lD is now complex, and describes a complex field. As explained in |17|, this 
description is equivalent to that of a real field satisfying the massive Proca equation, and 
therefore redundant. We will discuss however at the end of this section the propagator 
for this case. 

Since we use Euclidean AdS, we need to analytically continue the equation of 
motion. Since we want the e symbol not to change, we have to change the equation of 
motion, multiplying by i wherever e appears. The new equations describe a complex 
field, but they should describe a real field when continued back into Minkowski space. 

Thus, the equation satisfied by the propagator is: 

- '5(^,^^^)(%lM;5'M2M^•••fi'/^p]/^;,) (2-5) 

where the square brackets in the source term denote antisymmetrization of unprimed 
indices, and m is a dimensionless parameter. 

Since the propagator is a maximally symmetric bitensor, conventional wisdom is to 
express it in terms of 2 antisymmetric bitensors: 

^/li ^tp7t' ^' = i9;ij^ti + antipermutations of primed indices (2.6) 

" {p - 1)! ^^^1^ a^.a^^^^-'-^Mp^M^^+^'^tipermutations of all indices) 

(2.7) 
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Nevertheless, if we try to plug a combination of these two bitensors into ( |2.5D we obtain 
nonsense. We realized however that G could contain another p — p bitensor, which can 
only exist for d = 2p: 

TL.,,,^^-,;, = ^f^i,.---f^!^''^'---''^'d,^+.d^,u ...d,,d,,u d,,^,u (2.8) 

One may ask if there is yet another bitensor, obtained from by switching primed 
with unprimed indices. However, at a closer investigation this bitensor turns out to be 
proportional to T^. 

Thus, the propagator can be expanded as: 

= T\G{u)+pH{u)]+T^H'{u)+T^K{u) (2.9) 

where the splitting of the coefficient of has been made knowing in advance that 
pH{u)T^ +H'{u)T^ can be expressed as an antisymmetrized covariant derivative acting 
on a (p-l,p) bitensor, and thus it drops out when the kinetic operator is applied on 
it. For z ^ w, the Euclidean continuation of the equation for the propagator can 
be expressed as *dG = —imG. We are using G as both shorthand notation for the 
propagator bitensor, and as a scalar function of u. We can easily work out the actions 
of d and * on the terms of the propagator, using the formulas in the Appendix. Thus: 

*dT^G = {-lyr^G' (2.10) 
d{T^pH + T^H') = (2.11) 
*d{T^K) = [u{2 + u)K' + {d-p+l){l + u)K] - T^[{1 + u)K' + {d-p + l)K] 

(2.12) 

The equation for the propagator implies: 

(-l)PG' = {-im)K (2.13) 
u{2 + u)K' + {d - p + + u)K = {-im){G + pH) (2.14) 
-K'{l + u) - {d- p+l)K = {-im)H' (2.15) 

Equation ( p. 141) a lso contains a source term coming from the 5 function term in ( |2.5| ). 
Combining ( |2.1t^ ) and ( |2.15| ) we obtain a relation between G and which we can 
integrate once (fixing the integration constant so that both go to as li — > oo) to give: 

{-l)Pm^H = G'{l + u) + {d-p)G (2.16) 

From ( |2l^ ), ( p^ ) and pUD we can obtain: 

u{u + 2)G" + (d + 1)(1 + u)G' + [p{d - p) + {-lYm^]G = (2.17) 

We can observe that for the cases when "self duality in odd dimensions" holds (odd 
p), G and H obey the same equations as in the case of the massive form propagator 
P^ , |T5| . This is not so surprising; after all, our equation of motion was the square 
root of the equation of motion for massive forms. Moreover, the source term in ( 2.17| ) 
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coming from ( p.5| ) is identical to the somxe term for the massive propagator. Thus, G 
and H wih be the same as for massive forms in d = 2p: 



47r^n^ (2 + t.)™+i/2 ^"-'^^ 

where C is a constant that normalizes the second fraction to 1 as n ^ 00 (for the 
curious, G = 2™r(m + l)r{p - l/2)/[V27rT{m + p)].) H and K are given by (|1|), 
and respectively (2.13). It is interesting to notice that K satisfies the equation ( |2.17] ) 
for p + 1 forms in 2p + 3, so it is - hke G - a hypergeometric function. Nevertheless, its 
normalization is given by ( 2.13| ). 

When p is even, the extra i in (|2.1|) m akes the equation real in Euclidean coordinates. 
The factor {-im) from (|2.13|J2. 141 , ^.151) becomes m, which has the effect of changing 



(—1)^771^ to (— l)P"'"^m^ in equations ( p. 16 ) and ( p. 17 ). Since p is now even, the last 



term of (|2.17| ) is the same as before, and (|2.1^) is unchanged 



2.2 Forms with a topological mass term 



Unlike the previous case, when there was no gauge invar iance, equation (2^) de- 
scribes gauge invariant forms. As explained in |jl^, working in the subspace of covari- 
antly conserved currents makes gauge fixing unnecessary. The equation for the propa- 
gator is obtained from (2.2), remembering that Euclidean continuation introduces an 
i multiplying the e tensors: 

= -6{z,w){g[^^^>^g^^^^^...g^^]^,^) + (2.19) 

where the last term is a diffeomorphism whose contribution vanishes when integrated 
against a covariantly conserved source. Since S can be expressed as: 

S^i...t,p-t^'^...t,'^ = S{u)[d[f,^d^^df,>^u...d^^]d^>^u\ (2.20) 

the last term can be written as T^pS + T'^S' . For z ^ equation ( 2.19| ) can be written 
in a more compact notation as: 

{-If *d*dG -im*dG = T^pS + T^S' (2.21) 

We are expanding G as in (|2.9| ), remembering that the terms containing H can be 
written as the total divergence, and thus they are gauge artifacts. Using the equations 
( 2.10| , p.ll| , p. 121) we obtain after a few straightforward steps: 

u{u + 2)K" + {d + 3)(1 + u)K' + {l+p){d-p+l)K = {-l)P{im)G' (2.22) 
u{u + 2)G" + {d-p + l){l + u)G' = im[u{u + 2)K' + (d - p + 1)(1 + u)K] + pS 

(2.23) 

(1 + u)G" + {d-p + 1)G' = im[{l + u)K' + {d-p + 1)K] - S' (2.24) 



i^We note that for cases of interest to the AdS/CFT correspondence the hypergeometric function simplifies 
to 1, since m — 1 for AdS^ and m = 2 for AdSr. 
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As before, equation ( p.23| ) contains a source term coming from the right hand side of 
In order to find G and K we have to do some manipulations on the system 
2.23| , |2.24[) . We first define F, such that F' = K. Having done this we can 



2.19) 



2.22 



integrate (g]2|) and once, setting the integration constants so that everything 

goes to as li — > oo. We obtain 

u{u + 2)F" + {d+l){l+ u)F' + p{d - p)F = {-lY{im)G (2.25) 

(1 + u)G' + {d- p)G = im[{l + u)F' + {d- p)F] - S (2.26) 
We combine (|]2|) with (|2.26D , and obtain: 

u{u + 2)G" + {d+l){l + u)G' +p{d-p)G = im[u{u + 2)F" + {d+l){l + u)F' +p{d-p)F] 

(2.27) 

which by using ( |2.25[ ) gives 



u[u 



+ 2)G" + (d + 1)(1 + u)G' + [p{d -p) + {-lfm^]G = 



(2.28) 



Both (2.27) and ( |2.28| ) contain a source term at the right hand side. For odd p, (|2.28| ) 
is the massive form propagator equation, and G is given by ( 2.18 ). We will discuss 
the even p situation later. Equation (2.27) implies that G — imF satisfies the massless 
propagator equation, with the same source term, so F will be proportional to the 
difference between the massive and the massless propagator. This makes sense; as 
m ^ we expect the propagator to approach the massless one, which does not contain 
K. Thus: 



K 



m 



-{G' — G^=o) 



(2.29) 



where Gm=o is given by setting m = in ( |2.18 ). 

As promised before, we now investigate the situation of even p. Naively, our theory 
can be defined for any p. However, if we square the equation satisfied by the field, 
(-l)P *d*dA = im*dA and call B = *dA, we obtain (-1)^ *d*dB = {-l)P+''m'^B 
which describes a field of positive mass only in odd dimensions. One way to remedy 
this is to modify ( p. 19] ) by making the mass complex (m — > im). This equation now 
describes a complex Minkowski field of positive mass. 



2.3 Odds and ends 



There are two questions which we have not yet addressed. The first one has to 
do with the effect of the extra term in the bitensor ansatz on the other propagators 
computed so far. We can investigate the massive propagator, from which the massless 
one can be obtained as a limit. We can plug the ansatz ( |2.9| ) into the equation for the 
propagator: 

*d*dG = m^G (2.30) 

and obtain the equations for G and H, in the normal fashion. The equation for K is 
decoupled from the equations for G and H. K satisfies the same equation as G, but 
without a source term. Therefore K is zero. In general, when the equation of motion 
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contains an even number of *'s(or e symbols) the equation for K decouples from the 
other equations, and K vanishes because of the lack of a source term. 

The second issue to address is the case d + 1 = 2p. Adding to the massive form 
Lagrangian a term of the form m?AAA is legitimate. The equation of motion becomes: 

{-l)P*d*dA = m'^A + m'^*A (2.31) 

and the new ansatz for the propagator is: 

= T'[G{u) +pH{u)]+T^H'{u)+T^K[u) (2.32) 

where 

'^tj.i...fip;ti[...ti'p = (^^^l^J.2■■■^^p^^^ '^'^'^^^Mp+i^m'i'" •••^A'd+i^Mp^ (2.33) 

For m 7^ we obtain a set of coupled differential equations involving G, H and 
K. We do not solve this case here, since the presence of an m term is more a logical 
possibility than something which arises naturals in a physical theory. 

Also, this extra term has no effect on the other propagators computed so far. When 
m = the equation for K decouples from the equations for G and H, and thus K = 0, 
in absence of a source term. 



3 Correlators 



We begin this section dedicated to computing correlators on AdSi involving the 
self-dual 3-form S^i,p with a brief review of the correspondence between the fields of 
supergravity and the GFT operators. The fields of maximally 7d gauged {S0{5)g) 
sugra couple on the boundary (via the AdS — GFT correspondence) to the operators 
of the 6d (2,0) GFT. It is well known that the 6d (2,0) GFT with gauge group SU{N) 
has no known lagrangian formulation, but the abelian version corresponds to the tensor 
multiplet of (2,0) super symmetry. The GFT operators (characterized by their Lorentz 
{Spin{6)) and by their R-symmetry Sp{2)fi ~ SO{5) quantum numbers) are built 
out of the primary gauged invariant operators: (j)^ (a vector under the R-symmetry 
group), (a spinor under the R-symmetry), -fTij/t (a singlet under the R-symmetry). 
These operators, which are all in the adjoint representation of SU{N) transform under 
supersymmetry as a (2,0) tensor multiplet Below we list the supergravity fields 
and the GFT operators to which they couple: 

• the scalars IT a in the coset Sl{5, R)/ S0{5)g (with the group Sl{5,R) broken 
after gauging to SO{5)c) and in the 14 of SO{5)g tr{(j)(f)) 

• the spin 1/2 fields Aj in the 16 of S0{5)g — > tr{'ip(j)) 

• the self-dual 3-form S^^^^, in the 5 of S0{5)g tr{Hijk^^) = O^^ 

• the gauge fields B^^ in the adjoint 10 of S0{5)g couple to the i?-current — > 

tritpjiip) = Ji 

• the four gravitini in the spinor 4 representation of S0{5)g tr{'y^^il)Hijk) 

• the graviton g^j^^, which is singlet under S0{5)g, couples to the stress-energy 
tensor tr{HmjkHnjk) + ■■■ 
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3.1 2-point function 



In the first section we derived the propagator for a self-dual form in odd dimensions. 
In particular, in 7 dimensions we have: 

G{u) = c ■ n-^/^(2 + u)-™-^/^Fi(m + 1/2, m - 2; 2m + 1; 2/(2 + u)) (3.1) 

with c a constant. From the bulk propagator one can derive easily the bulk-to-boundary 
propagator: 

5^,^,^3(w;0,w) = lim|^ d6zy^G^^^^^3;^;^,^, (t«,z)(zO)— ,Km'.a«^z) (3.2) 

where d^z^/h{z) is the invariant volume element on the hypersurface = {z^ = e} 
and G(w,z) is the bulk-to-bulk propagator. The field S^-^^^fj_.j{w) as defined by p.2| ) 
satisfies its field equation for any finite s^^^j/^sl^)- Moreover, the only nonvanishing 
components of the s(z)^^^2M3 the ones with indices "on the boundary" {i,j,...}. 
In the limit e ^ we have u — > oo, G{u) — > cu~™~^, H{u) — > —{c/m)u~'^~'^ and 
K{u) (i(m + 3)c/m)u-'"-l So, 

Sijk{w) = lim cfizGijk-i'j'k'{w,z)si>j'k'{z) (3.3) 

where the metric "on the boundary" (used here for raising and lowering the primed 
indices) is fiat, gi'j'{z) = rjiiji, while the bulk metric is AdS, g^^^2 i^) = i^/ ^^)'^V^^l^J.2 ^^'^ 
G{w, z) is the bulk-to-boundary propagator. Substituting the propagator expression 
into (^^), and taking into account the various limits we get: 



Sijk{w) = c I d^z 



Om+2 



i(3 + m) ^^^4 w 

2m [tt;0^ + (z - w)2]™+4 

H3 + m) 

- 2 —2 ; -z—-—:^ijki'j'k'Si'j'k'W 

m [w^-' + {z- w)2]™+3 

_ i8!Ii±J^(w - z)i • (w - z)i/2™+^ 5 Si,,fc(z) 



'■^,<J Till'), , , > m4-4 / \ 

+ 3 ^ (W-Z),,(W-Z),2 ^^o2^^^_^^2^m+4 ''^''rk'lS,fk'{z) 

(3.4) 

Use now the Schouten identity to rewrite the last term as 

(^ijki'j'k'Sli'j'iz)(w - z);(w - z)k' = eijki'j'k'Sli'j'iw - z)j(w - z)k' 

+ ^eijki'j'iSi'j'iiw - zf (3.5) 
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and by rearranging the terms of ( p.4[ ) we finally get 



Sijkiw) 



6c / d^z 



3 + m 



23+m 



W 



,0™ 



m 



+ (z - w)2]™+3 ; 

fw — z),-fw 



6- 



[-^02 + (z _ w)2 



^i'jk ~l~ 21 ^i' jklmn^lmn 



(3.6) 



The value which Sijk{w) takes on the boundary is obtained from ( |3.6D with t/;*^ ^ 0. 
Using further the limits ( |A.11| , ATT^ ) we get the on-shell boundary value of the 7d self- 
dual tensor 5jjfc(w): 



lim e"^S„ 



ijk 



(e,w) 



^m+3 



6c7r'' 



7 — p-7 —Z7 Sijk[w) + —eijki'j'k'Si'j'k'^ 

m(m + l)(m + 2) V 3! 



w 



(3.7) 



We are not surprised to see that on the boundary Sijki'w) is self-dual (after all, we knew 
that Sijk{w) is source for a self-dual CFT operator). It is interesting to note however, 
that even if we didn't impose any restriction on Sijk{z), the form of the bulk-to-bulk 
propagator determined that only the self-dual part of Sijk{z) propagates in the bulk. 
Alternatively, this can be seen in the derivation of the bulk-to-boundary propagator 
in the footnote on page 11, as a constraint which relates the anti-self-dual part to the 
self-dual part. 

The other on-shell components of S^^f^^^^{w), namely Soij{w), can be determined 
similarly, and we obtain the following bulk-to-boundary propagator: 



Cl 



W 



{w — z)^ 



di 



{w 



(3.8) 



where the Kronecker delta symbols are antisymmetrized with strength one, and the 
indices Imn are in the self-dual representation of the Lorentz group SO (6). We nor- 
malize the bulk-to-boundary propagator such that for 0, Sijk • (w^)^ — > •s^^(w), 
with sfjj^{w) = |(sjjfc(w) + ■^eijki'j'k'Si'j'k'i'^)) self-dual. Thus ci = {m + l)(m + 
2)(m + 3)/'7r^. Furthermore, using a notation which was first introduced in a paper by 
Freedman et al. |Q, we can rewrite the bulk-to-boundary propagator in a manifestly 
conformal-covariant form: 



G 



fiup;lmn 



AB 



Cl 



w 



{w 



J^l{w -z) J^rn{w -z) Jpn{w -z)_^^ 



{w 



[w 



zf 



[w 



zf 



where the symmetry in the indices ^.vp and Imn is the same on both sides. The tensor 
Jfj.u{w) is related to the inversion w'^ —>■ {\/w''^)w'^ Jacobian 



(3.10) 



Clearly, for a field obeying a first order differential equation, the bulk action is 
vanishing on-shell. This is a situation which was first encountered for spin 1/2 fields 
js], 1^. The resolution which was proposed for obtaining non-zero 2-point functions (in 



10 



accord with the CFT calculations) was to supplement the bulk action with a boundary 
term which does not break the AdSd+i isometry group 0{d + 1, 1). This proposal was 
justified afterwards 0, ^ by imposing the variational principle on a manifold with 
boundary. On the boundary, we need to specify only the self-dual piece of Sf-f^ 1 , and 
so, the anti-self-dual part is free to vary off-shell. Therefore, in order to cancel the 
remaining boundary term —m/2 § S~^6S~ in the variation of the action, we will add 
the following boundary term to the Id gauged sugra action: 

5i = ^ hm / d^z^)S,,^,,,{z)S^^^^^'^^^{z) (3.11) 

where, as before, d^z^/h{z) is the invariant volume element on the hypersurface = 
{z*^ = e} infinitesimally close to the boundary of the AdS space. 
On-shell, Si becomes: 

771 f /" 1 

5i = -ci lim d^^5,,fc(z)e™ J 

+ ^ \ ft(w - z)j(w - z)i/ + , A 

- 6 [g2 + (^_^)2] 4jkH ) (3-12) 

where we used that lime^o e'"'S'^i/t2M3 (-^) nonvanishing only for the Sijk{z) compo- 
nents. The limit was already evaluated in (3/7), and so we get: 

= 4{m + l)(m + 2)(m + 3) y " y ^ ^^-^'^^^^ ((z - w)^)"^+3 
_^ (w-z).(w-z), 

(3.13) 

■'■We can understand the result ( |3.6| ) from a different perspective. The (linearized) field equation in 
momentum space 

[(x")292 _ ^0^^ _ ± 2) - (a;°)2k2] k) = 

has a unique solution (which falls off at infinity) written in terms of the modified Bessel function 



However, as observed in |2C[|, there is a constraint (obtained from another field equation) which relates the 
self-dual to the anti-self-dual boundary values. In Td, the constraint yields 



_ K^^,{ek) ( 6fc.fct.4j,(k) - 



Note that s^j^. vanishes if s^^, is kept finite for e ^ 0. 
We finally get that on shell 



/ 3x°h,k,is\y,Ck)Km-i{x°ky 
S,,k{x°,k) cx fc" mK^{x"k)s+{k) + L^^li- 



which is nothing else but the Fourier transform of (p.6| 
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The generating functional of the CFT operators is equal, by the AdS — CFT 
correspondence, to the supergravity partition function which in the classical limit is 



Thus, the 2-point function of the self-dual CFT operator = tr{(f)^Hijk) is 



ZAdSriSijk] = exp(— 5i —S^dsugra) (3-14) 

A 
ijk 

(0,4,(z)0il„(w)) 

^ TT^cfm A 1 f^ijk _ (W - Z)[^(W - Z)i, 

~ 2(m + l)(m + 2)(m + 3) ^((z-w)2)™+3 (z - w)2 ''"'^j 

(3.15) 

where the symmetry in the indices ijk respectively Imn is the same on both sides of 
(3.15). This is the 2-point function for a CFT operator with scaling dimension 

A = p + m = 3 + m (3.16) 

in the self-dual tensorial representation of the (Euclidean) Lorentz group 0(6). In gen- 
eral for a CFT operator with scaling dimension A and in some arbitrary representation 
of the Lorentz group, conformal invariance fixes the 2-point function to be |5|, ^] 

(O(z)O(w)) = ^^--l-^i?(w, z) (3.17) 
where -R(w, z) is the representation matrix of the 0{d) element 



2 

(z — w) 



ii^w, z) = 6', - ., (w - z)^(w - z), (3.18) 



3.2 3-point functions: {OijkOimnJp) and {OijkJmJi 



For this section, the relevant part of the action of maximal {M = 4) gauged 7d 
sugra isl: 

dM^e^'---''S^^^^^^F^^,,,^^ + ^e^^--^ (3-19) 

where F,-^ „, = 4(Z)r,,, 5;^ , , , -|- oBA^S^ , , i) is the gauge covariant field strength 

of S^^^^^^, and F^^^ is the gauge covariant field strength of the gauge fields B^^ . The 
coupling constant is g and it equals 2m. 

To compute the 3-point functions, inspired by Q, we use a conformal-covariant 
bulk-to-boundary propagator for the gauge fields 



{w,z) = C2 -f yT^CD (3-20) 

^ ^ [w — I [w — z)^ 



^Euclidean signature: e 



12 



with C2 = 27rd/2r^(d/2) • '^^^^ 3-point function (OOJ) on the AdS side of the correspon- 
dence reads: 



+perm. (ijk <-> /mn, zj <-> Z2, A <-> (3.21) 

Following 1^] we will use conformal invariance to fix Z3 = 0, and we will make 
a change of variable by inverting the bulk and the boundary zi,Z2 points: — > 
{l/w''^)w'^ , zi — > (l/zi^)z2, Z2 (l/z2^)z3. The inversion property which the 
tensors J^j^y satisfy will also be used: 

J^i{w - z) = J^,p{w')Jpj{w' - z') Jji(z') (3.22) 

Finally, we will combine the factors of J^^i{w'), ... with the "flat space" epsilon symbol 
into det [J(i(;')]ejjfcj^4...jy7. The determinant can be easily evaluated (by induction, for 
example) to be -1. Substituting the various propagators into ( p.21|) , and jumping the 
intermediary steps described above, the integral in the 3-point function becomes: 

9nmriVn r „/2{m+3) „/ 2{m+3) 



Jv^i'iw' - 7!-^)Jiii{'z'-^)Jy^ji{w' - z'i)Jjj'{z'^)J^.^k'i'w' - z{)Jkk'{z'i) 
Ju^l'iw' - Z2)Jll'iz2)Juem'iw' - Z2)Jmm'i2'2)JuTn'{'w' - zl^) J nn' {^l) 

-fperm. (3.23) 

where the factors of w' canceled as expected. Furthermore, we shift the integration 
variable such that all dependence on z!-^ and z!^ appears through z^ —z!^^ and we use the 
integrals listed in Appendix 3. In the last step we restore the Z3 dependence using the 
translational invariance of the 3-point function: z^ z^g = {z\ — Z3)', z'-,^ — Z2 — > t = 
(zi - Z3)' - (z2 - Z3)', etc. Thus the 3-point function ( J^^(z3)C'4^(zi)C'^-^„(z2)) is 

igmCx^C2 aB ^ , ^ N-2(m+3) 

12 10(m -|- 3j^(m -|- 2j(m -|- 1) 
^((Jri'tf/ -|- 6ri'ti,)2m — 6{6rl't^/ + (Jri'tp -|- (5j/;/tr) — 6 ' (2m + 2)^ 

(3.24) 

This expression can be further simplified by using the self-duality in the indices {ijk), 
(Imn), and whenever the case, by rearranging indices with the Schouten identity. We 
obtain: 

9mCi'^C2 TT^ w2(m+3) 

Jjj' {^13) Jkk' {^13) Jmj' {'^23) Jnk' (223)*^™"^ 
[{Jipizi3)Jll'{'^23)^\' + Jii'{zis)Jlp{z23)ti') ((2m - 2 
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-(2m + 2)) + (^ii^^l^P J,,,(zi3) J;,(Z23) 
+ WPj.^(zj3)j;;,(z23)^ (2m + 2) 



(3.25) 



Let's now turn to the 3-point function (OJJ). The AdS correlator is given by 

/tn-^ fn, \ lBC(„ \ jDE(^ \\ 1 ^ ^ 2FGHIJ f id+lap-ySeriCnFA /'„,,.„ ^ 

(Cijfc(zi)^i (z2)-'m (Z3)) = ^^^1*^2 e y a e ' '^G^^^.jjfc(u;; zi) 

+perm.(i?G ^ Z'i?, / <-> m, Z2 Z3) (3.26) 

In a manner entirely analogous to the previous calculation, we use conformal invari- 
ance to fix zi = 0, and then invert bulk and boundary points. We use the inversion 
relation (3.22) and the fact that the curl of the gauge field propagator also transforms 
covariantly, according to 

a[^G,,](u;,z) = u;'2j,,p(u;')u;'2j,,(u;')JA.(z')z''^'"'^a[^G,],(u;',z') (3.27) 

and again combine all the resulting factors of J^i{w') together with the e symbol into 
a determinant which gives —1. The factors of w' cancel again, and we are left with the 
3-point function 

-CiC2^eABCDE-, , -I w r,w , IX Jll'{z2)Jmm'{2'3) 



4^/3 ^ ^ ^""""(Z22)('^-I)(z32)('i-1)' 
d we' ° ^' Wt^'-z'2)2('^-i) ''''^ '^^J 

( (zz;--z\)2(^-i) '^^'-'^^^'"^)j ^^-2^) 

We then rewrite the summation over 5'e'r]'C,' as summation over l",m",n" and and 
notice that we can replace the partial derivatives d'^, and d'^,, w.r.t. w' with partial 
derivatives w.r.t. Z2 and Z3 respectively, if 5' and rj' are not zero. In the case neither 
is zero, both derivatives get out of the integral and then the antisymmetry kills them 
(the integral is a function of Z2 — Z3, so the derivatives are the same). Thus only the 
case when one of the derivatives is w.r.t. w'q remains, and we get 

~47!'''''''^''''''''(z22)('i-lHz32)('i-l) -^"'^^2)^^(23) 
Q /• 'm+2d-3 

^(u;'-z'2)2('^-^)(«;'-z'3)2(^-i)'^'''"^^'"^) 

\(d - 2)w'q'^ Jm'm."[w .-L-i) - jlo Jm' m" {w' , Z3) 

\ [W — Zgj 
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Further using the identity 

{w' -z'Yiw' -z'y _ 1 d d 1^1 5ij 



{w' - z')2'=' 4(a - l)(a - 2) dz'' dz'^ {w' - z')2("-2) 2(a - 1) {w' - z'^i^-'^) 

(3.30) 

and the fact that, by the same antisymmetry argument as above, ah extra partial 
derivatives w.r.t. Z2 and Zg vanish, we get 

"473''''''''^''''''''(Z22)('^-1HZ32)('^-1)'^"'^^2)JW(Z3) 



Jjkl'm'n" ^ ^.m-d ~ 2)^ \ d - 2 



d - 1 



d-1 



C{m + 2d-5,d-l,d-l) 



-2C{m + 2d-3,d-l,d)] (3.31) 

where the constant C{a,b,c) is defined in (A. 16). In the last step we restore the z^ 
dependence in < OJJ > 

(0,^,(zi)J,^^(z2)J,r(z3)) = 

1 2^-^/' - 2)2^,m + 2d - 4_ ,d - m + 2. (r(^^±f^))2 



4^/3 2 (r(d))2 ^ 2 ^ ^ 2 ^T{d + m-2) 

eABCDEjZ \2\(d-l)^/ ^2^fd-l) '^"'(^2 - Zl)'/mm'(z3 " Zl) 

((Z2 - Zi)2)l"! ^n(z3 - Zl)2)^'* ^) 

ijkl'm'n" 



jm—d+2 



(3.32) 



where t = (z2 - zi)/ (z2 - z^f - (zs - zi)/(z3 - z^f. 

However, our 3-point function computation was too naive, since we didn't carefully 
impose that the sugra fields satisfy their field equations. By doing so, we will discover 
that the boundary term (3.11) will give contributions to both correlators < OOJ > 
and < OJJ >. 

To be able to appreciate this point, we will look at a simple example of a Xcp^ scalar 
field theory, (understanding that this will apply to the case of general fields) 

S = I d''+^x[^{id^cpf + m^^) + l/SXcP^] (3.33) 

with equation of motion (— □ + m'^)(p = XcfP' . The solution which takes the boundary 
value </>o(y) is of the type 

(j){x) = (t)^^\x) + (p'^^Xx) + ... 

(x)= / d''yGix,y)My) (3-34) 



where G{x, y) is the bulk-to-boundary propagator and (j)^^^ is zero on the boundary. In 
the AdS — CFT correspondence, the 3-point function will a priori have a contribution 
not only from the cubic term, / A(0^'^^)^, but also from the kinetic piece, because 
0(i)(x) = A/ d'^^^yG{x,y){(l)^'^\y))'^ {G{x,y) is the bulk-to-bulk propagator). If we 
take into account the fact that (f)^^^ satisfies the free equation of motion the bulk 
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piece in the kinetic term vanishes. Moreover, the boundary term generated by partial 
integrations vanishes because 4>^^^ is zero on the boundary . Hence the only contribution 
to the 3-point function comes from the cubic term in the action. Since we didn't need 
the explicit form of <j)^^^ for this argument, the same argument goes through for 3-point 
couplings to other fields (still no contribution from the (j) kinetic term). 

Let us carry the same analysis when the kinetic action is linear in derivatives. All 
the terms in the action quadratic in (j) (including the interactions with other fields) 
don't contribute to the 3-point functions if we use the complete equation of motion 
(unlike the previous case, there is no need for partial integration, so no boundary 
terms). In fact now we can use the complete equation of motion to replace the kinetic 
terms with interaction terms. So the net effect of the kinetic piece will be to modify 
the coefficients of the interaction terms. It would appear that in this case, all 3-point 
functions quadratic in cp vanish! This is not so in general, since to make the 2-point 
function nonzero we need to add a (pseudo)boundary term to the action. There are 
two ways that this term can contribute. Either it is of the type / d'^^^xdf^{d'^(j)....) (real 
boundary term, but with an extra derivative on 0, so that we get a nonzero contribution 
if we replace (f> by (f>^^^), or it is a pseudo-boundary term of the type / d^~^^6{zo — e)(...), 
defined on the "regulated" boundary zq = e. The latter happens in our case. 

Consider the part of Id gauged sugra action containing only the self-dual 3-form 
and the gauge fields: 




+ j;^eABCDESi,,,.^F^,%F^f^,) ] + ^ d'z^){SXf (3.35) 



Imposing that S^^p satisfies its field equation (to linear order in the coupling con- 
stant, and to second order in fields, since we are interested in 3-point functions) we 
obtain 

S^up = Sj^Jp + Sj^Jp (3.36) 
where S^^^ satisfies the linearized field equation, while S^^^ is given by 



(3.37) 



Substituting ( |3^ ) into ( |3^ we see that the SBB bulk term gets modifies by a factor 



1/2 and becomes 

/d^^.^e^-^-e----5(°):,,,3F(^7,,F(0)^::, (3.38) 

whereas the SSB term gets killed, as we mentioned in the general discussion. The 
kinetic term for the B^s doesn't contribute to the 3-point functions, because it has two 
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derivatives, and the previous discussion applies. Finally, the S boundary term yields 
a contribution to the 3-point functions from its S^^^S^^^ piece 

I /^^^ d^.V^5(°)/5(^)'^^-^ (3.39) 
which becomes a bulk integral after substituting ( |3.37| ) 

-"i j '"s<»):„.„.(.) (!!=^i.(».-(.)5<».-„„(.) 

We note here that it is crucial this was a pseudo-boundary term (defined at zq = e). 
If it was a real boundary term, one could have used that S^^^ = on the boundary 
to conclude that it doesn't contribute. Adding ( |3.380 to ( 3.4Cl|) we get the corrected 
coefficients of the 3-point functions on the AdS side. Thus the (corrected) 3-point 
functions are: 

(J,^^(z3)04(zi)0,^Jz2)) = 

2gm\^c, ^,/ ^g(^i3.23)-^^"-+=^) 
10(m -|- 6y[m + 2)[m + I) 

Jjj'{^ls)Jkk'{^ls)Jmj'{'Z'23)Jnk'{'2'23)i'^^~'^ 

-{Jip(.Zl3)Jll'i223)k' + Jii'(.Zl3)Jlp(.^23)^i') + 1) *''^^*P Jii, {zis)Jir (Z23) 

(3.41) 

ciC2\-m + 1) A m + 84 - m (r(^))^ 
\/3(5!)2 ^ 2 ' ^ 2 ' Tii + m) 

((z2 - zi)2)i'' ^> {{z3 - ziy)('^ 

^ijkl'm'n" /3_42) 

j-m—d+2 ^ ' 

where in ( |3.41| ) we defined t = z!-^^, ~ '^23-> while in ( |3.42| ) we defined t = z!^^ — z'^^. 

Although we have worked with a generic m, the 7d gauged sugra action determines 
it exactly in units of AdS radius. In the sugra action, the purely gravitational piece is 
—1/2 J{R + ^m^), whereas for unit AdSf the gravitational contribution is J{R + 30). 
This implies m = 2. 

Finally, there is one more check on our correlators. The < JOO > correlator must 
obey the Ward identity 



d 



dz^i 



;(Jp^^(z3)04(zi)0,^„(z2)) = g5^ES{^13){Ofjk{^l)Otn{^2)) 



+ff5g£5(z23)(0,4,(zi)0,ijz2)) (3.43) 

Hence, the coefficients of < JOO > and < OO > correlators are interdependent. To 
simplify our calculations, we will verify the Ward identity for z^ = 0, Z2 = y at infinity 
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and Z3 = X at finite distance. Substituting the 3-point function ( |3.41 ) into the l.h.s. 



of ( p3| ) we get (for m = 2) 




Further using that 




and by comparing with the r.h.s. of ( |3.43 ) we confirm the identity. 



4 Conclusions 



In this paper we have studied p- forms in AdS2p+i- We have constructed the propa- 
gators for p-forms with topological mass terms and topological kinetic terms in AdS2p+i 
(the latter being the case of self-dual forms in odd dimensions). We have also found that 
the basis for maximally symmetric bitensors previously found by Allen and Jacobson 
is not complete is some situations, and found the missing bitensors. 

For the AdS — CFT correspondence, we have analyzed the case of AdSj - 6d (2,0) 
CFT (similar computations go through for AdS^ — idSYM). We have computed the 
two point function of the "self-dual" 3-form by adding a boundary term to the 7d 
gauged sugra action. We have also computed 3-point functions of two 3-forms and a 
gauge field, and two gauge fields and a 3-form by using methods similar to the ones of 
Freedman et al. It is the hope of the authors that this calculation can shed some 
light on the 6d (2,0) CFT. 
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Appendix A 

A.l Conventions and useful identities involving the chordal 
distance 

We used the symbols * and d acting on forms, or on the unprimed indices of propaga- 
tors, with the following normalization: 



1 



(3) 



{d-p)\ 



■/^p+l.../i(J+l 



1 •••/ip+i 




„|-^[Mi^M2---/ip+i] 



(A.l) 
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where the square brackets denote antisymmetrization of all unprimed indices. 
In the computations the following identities were useful: 



OuO^'U = (5.1,/ H ^ \ - u6f,oSu'o] (A.2) 

ZoWo ^ Wo Zo 

dfj,u = —[{z - w)^/wo - u5^o] (A.3) 

du'U = — [{w - z)i,t /zq - u5u'o] (A. 4) 

Di'di,u = {d+l){u + l) (A.5) 

a^n df,u = u{u + 2) (A.6) 

D^d^u = g^^{u + l) (A.7) 

{df'u){Df,dudu'u) = duudy>u (A.8) 

{d^u){df,d^')u = (n + l)d^,u (A.9) 

D^diyd^'U = g^^d^'U (A. 10) 

A.2 Limits 

In this paragraph we present the arguments leading to the various limits taken in the 
body of this paper. First, we consider the limit 

lim — ;5 — = — — -Area(SQ)6^(x) (A. 11) 

e^o (x2 + e2)3+™ m(m +l)(2 + m) v v y v ; 

where Area{SQ) is the area of a 6d sphere of radius 1. To derive this limit, use a scaling 
argument to show that / d^xe^'"/(x^ _|_g2'j3+m (^-^^j^j^ positive integrand) is independent 
of e. It is also obvious that as long as the denominator is nonzero, the limit is vanishing. 
Thus, the limit is proportional to a delta function. The proportionality constant is 
determined by evaluating the integral / d^xe^^ /{x."^ + e^^s+m -^^ spherical coordinates. 
The limit 

2m+2 

lim ^KJ^ = 7 r, r^rea(S6)5^(x) (A.12) 

(x2 + e2)4+m + i)(j„ + 2)(m + 3) v v ; v ; 

follows from ( [A. 11]) , by redefining m — > m + 1. 
Finally, we derive the limit 

.^^^o(x2 + .2)4-1-™ = ^(^ + l)(^ + 2)(m + 3)^^^"(^^^^'(") ^^-^^^ 

For the proof of this limit we consider again the integral / d^xe^^x^/ (x^ + g2-j4-i-m^ gy 
the same scaling argument, it is clear that the result is independent of e. The limit 
is zero, as long as the denominator is non-zero. By adding and subtracting in the 
limit numerator and by making use of (A.IL AT^ ), we determine the proportionality 



constant on the r.h.s. ( A.13| ). 
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As a consequence of ( [A. 131) we obtain the following result: 

lim I fe'" ^^2^^''2)4+m V(x + 



oo ,^2 



6 



/• /"OO 

■ / dil / (ir5(r)njnjS'jfe;(x + w) 



m(m + l)(m + 2)(m + 3) 

= n I ^n/^9V ^^s ^?^ea(56)5,fc;(w) (A.14) 
2m{m + lj(m + 2j(m + 3) 

where rij = Xj/|x|. 

A. 3 Integrals 

In this paragraph we record the integrals needed in the computation of 3-point func- 
tions. We begin (for completeness) with the integral {^) 

I{a,b,c){t) = [ (fw ^"^^^^ 



{w - 1)2 V= 

C(a,6,c)|t|^+»-2''-2^ (A.15) 



where the constant C{a, b, c, ) is: 



2 r(6)r(c) 
r(^ + f + 3-fe)r(^ + f + 3 - c) 



T{7 + a-b-c) 



(A.16) 



Then, the following integrals can be obtained from ( [A.15 ) by differentiating with re- 
spect to the vector t: 



Ji{a,b + l,c) = I d w 
dil{a, b, c 



+til{a,b + l,c) (A.17) 

7 {'W°)"-'Wi^'Wi2 



Ji^i^{a,b + 2,c) = j (fw 



(y;_t)2(fe+2)^: 



2c 



Wia, b, c) ^ ^^^^^^^^ ^ ^ 2^ ^ b + l,0 



226(6+1) ' -1-2- 2(6 + 1) 
{ti^di^ + 1 more)I{a, 6 + 1, c) 



Ji-^i^i^[a,b + 3,c) = d w 



2(6 + 1) 

-3,c) = 

dj^di^di^Ija, b, c) 
236(6 + l)(6 + 2) 



(A.18) 



+ ti^ti2ti^I{a, 6 + 3, c) 
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^ {ti^ti^di^ + 2 more)I{a, b + 2,c) ^ [ti^di^di^ + 2 more)I{a, b + l,c) 



2(6 + 2) 



22(6 + l)(6 + 2) 



_l_ {Sni2ti3 + 2 more)I{a, b + 2,c) ^ {5i^i^di^I{a, 6 + 1, c) + 2 more) 



2 6 + 2 



22(6 + l)(6 + 2) 



(A.19) 
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